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THE THECRY OF CROSS-MODULATION OF RADIOWAVES

A. V. Gurevich

ABSTRACT 24 ¢ 1

The percentage of cross-modulation is examined as a
function of the radiated power of the interfering station
for the case of a strong interfering wave. The topics
of cross-modulation resonance near the gyrofrequency and
the influence of the electron velocity distribution on
the phase of the cross-modulation are also considered.

'
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Introduction ‘///,//////

Perturbations caused by powerful radiowaves in the ionosphere affect
waves propagated in the perturbed region. Specifically, in the case
when the perturbing wave is amplitude modulated with a low frequency Q,
then the perturbations which it causes in the plasma are modulated, and,
hence, so are other waves which have passed through the perturbed region.
This phenomenon is known as cross-modulation, or the Luxemburg effect.

The theory of the Luxemburg effect, first formulated by Bailey and
Martyn in Ref. 1 (see Refs. 2-T7 also), predicts that the depth p' and
the phase ¢' of the cross-modulation will exhibit a definite dependence
on the modulation frequency @ and also on the carrier frequency w. and
the power P of the interfering wave. 1

The dependence of the depth and phase of cross-modulation on the
modulation frequency and the percentage of modulation of the perturbing
wave was investigated experimentally in Refs. 8-10; experimentation has,
in general, agreed well with the conclusions of theory. The percentage
of cross-modulation as a function of the power of the interfering sta-
tion was examined in Refs. 8, 5, 11; it was shown that u' is proportional
to P right up to P = 520 kw, the maximum radiated power in use. A com-
parison of these results with theory (Refs. 4, 5) led to the conclusion
that a wave of radiated power up to 520 kw is weak, i.e., it changes the
effective electron temperature in the ionosphere only to an insignifi-
cant degree {less than 10 percent). This conclusion, however, does not
agree well with the results of calculation, nor with the results of



other experiments. For example, in Ref. 8, the percentage of cross-
modulation reached 0.2 at substantially less power, P ~ 150 kw, which is
possible only if the effective electron temperature in the ionosphere
changes by 20-50 percent.l

Experimental research into the dependence of the percentage of
cross-modulation on the frequency of the perturbing wave Wy has been

dedicated, mainly, to the question of the resonant increase in the per-
centage of cross-modulation which theory predicts near the gyrofrequency
(at<»1¢& wy = eH/mc). However, the results of this research are contra-

dictory: the indicated resonance has been observed in Refs. 15, 16,
whereas in Refs. 5, 11, 17 no intensification of the cross-modulation

at all was recorded in the vicinity of the gyrofrequency; part of the
work on this problem yielded no definite results (Refs. 9, 18). We note
also that, as pointed out in Ref. 7, Section 110, experimental results
do not support yet another conclusion of theory which states that for
perturbing waves of very low frequency (wlféiwﬁ), the percentage of

cross-modulation must decrease, proportional to w,

in w_.
1

, with an increase

Hence, we can conclude that the existing theory does not agree well
with experiment on the question of the dependence of the percentage of
cross-modulation on the frequency of the interfering wave. It is not
hard to see one possible reason for this lack of agreement. As a matter
of fact, in deriving the final equations, the theory assumes, for sim-
plicity, that the percentage of cross-modulation is proportional to the
perturbation caused by the interfering wave at a certain "average" point
in the region of interaction. However, under such an assumption it is
impossible to obtain the correct dependence of the percentage of cross-
modulation on the frequency of the disturbing wave wl. This is because,

lIn this regard, Huxley in Ref. 12 developed a new "alternative" theory,
which led to a linear dependence of u' on P for a strong interfering
wave, while the dependence of u' on P in a wesk field turns out to be
markedly nonlinear. Since the latter conclusion is in direct contra-
diction with experiment (Refs. 8, 13), Huxley later practically denied
the proposed theory (Ref. 14). We might also add that the conclusion
about the linear dependence of W' on P in the "alternative" theory is
not true for the case of a strong interfering wave, since in working out
his theory Huxley did not make allowance for the self-interaction of the
interfering wave (see below).




with a change in the frequency @ > not only does the perturbation caused

by the wave at an "average" point in the region of interaction substan-
tially change, but also the effective dimensions of the region itself
change. The latter circumstance must be taken into account in the
theory. It is possible to accomplish this most completely by summing
(integrating) the influence of the perturbations on the wave experi-
encing cross-modulation over the whole region of interaction.l

Further, as was noted above, the problem of the cross-modulation
for the case of a very powerful ("strong", according to Ref. 19) inter-
fering wave, which substantially changes the effective temperature of
the electrons in the plasma, is also important for experiment. How-
ever, the existing theory given by Refs. 2, 6 is not sufficiently ac-
curate in this case for the following reasons. In the first place, it
does not allow for the "self-interaction" of the interfering wave,
whereas an allowance for the self-interaction of a strong interfering
wave is necessary in the theory of cross-modulations. As a matter of
fact, as is shown in Refs. 19, 20, the amplitude of the field voltage,
the depth and phase of the modulation of a strong wave in plasma are
substantially dependent on its power and on the frequency of the wave;
all this cannot help but be evidenced in the depth and phase of cross-
modulation. Secondly, the perturbations caused in the plasma by a
strong wave are not linearly dependent on its power, and this circum-
stance demands an "integral" examination (as indicated above) in the
computation of the dependence of the percentage of cross-modulation
on the radiated power of the disturbing station.

Such an integral examination is carried out below in Sections 1 and
2 of the present work. In Section 1, expressions for the cross-modula-
tion depth p' are obtained for the case of a strong perturbing wave,
considering its self-interaction; the dependence of p' on the radiated
power of the interfering station is examined. In Section 2, the topic
of cross-modulation resonance in the vicinity of the gyrofrequency is
examined. It is shown that the results of the theory agree well with
the experimental data available at the present time.

In Section 3, the phase of the cross-modulation as a function of
the modulation frequency of the interfering wave is found, taking into

lSuch an "integral" examination was carried out by Shaw in Ref. 5 (see
also Refs. 4, 13). However, it was not sufficiently well developed,
and led to incorrect conclusions: for example, the author's conclusion

that there is no resonance of the cross-modulation at the gyrofrequency
is false.



account the electron velocity distribution in the ionosphere; a devia-
tion is obtained from the well-known results of theory which does not
take into account the electron velocity distribution (Ref. 1). Apparent-
ly, the deviation can be checked experimentally.

1. Cross-Modulation for the Case of a Strong Perturbing Wave

Let a strong wave approach the boundary of the plasma

E, = E,(1 + p, c0sR¢) coso, L. (1)

Under the influence of its electric field, as the wave propagates in the
plasma, both constant and time-varying (with frequency Q) perturbations
of the effective electron temperature arise. Due to this the absorption
of the second wave,

E2 = E20 cos ”gt’

propagating in the perturbed region changes. It is, therefore, modulated
with the same modulation frequency .

First, we will examine the case of low frequency modulation 2&dv,
where » is the effective collision frequency of an electron (Ref. 7,
Section 61; Ref. 21), and § is the mean fraction of energy transferred
by the electron to a molecule in one collision; for the ionosphere

6= 2-10'3. In this case, it is not hard to obtain the expression for
the percentage of cross-modulation (taking the self-interaction into ac-
count) by making the following simple considerations. We will examine

a perturbed layer in the plasma of thickness dz (from z to z + dz). The
percentage of cross-modulation of the wave E2, pessing through this

layer, increases by dp'; from the definition of the percentage of cross-
modulation it follows that

dut = d[XEEmax - E2min)/(E2max + E2min)]’ (2)

where E and E i i ini
re B o omin are respectively the maximum and minimum values
which are taken on by the time varying wave field E2 at point z. Assume

that the percentage of modulation of the interfering wave at point z is
not large (u€1l). Then recalling that Boax = EE(El i uEl) and




E2min = E2(El t pEl) (the upper sign is chosen for w2:> v, the lower
w2<: v) and expanding Eg(u) in equation (2) in a power series in pu, we

find that

dp’ = d[p(E\OE, E0E Jumo). (21)

Furthermore, assuming p' = p'(El) (i.e., Op'jdz = 0),L then from equa-
tion (2') it follows that:

dp’ = d [p (%3/%,)p-0] @4]0,,

where x_ and * are the absorption coefficients of the waves E2 and E

2 1
at point z. Taking advantage of the fact that at the boundary of the
plasma (i.e., at z = 0) p' = 0, and making allowance for the change in

the percentage modulation of the interfering wave in the plasma on ac-

count of self-interaction (Ref. 20 shows that p==p,|%,(2)/x,(0)]), we
finally obtain:

' 2 .2
s W0 o ol +%37 %o b

—

ey %2) .
o e TR e TR T w | anie e | (3)

-~

lThis supposition, as can be seen from formula (3), is justified if the
following conditions are fulfilled: that the plasma temperature, the
effective electron collision frequency, and also the ratio of the indices
of refraction of the waves El and E2 do not change much in the region of

interaction. In the ionosphere the condition of constant temperature

can be considered to be well-fulfilled. On the other hand, the collision
frequency of an electron can change considerably in the region of inter-
action. Therefore, computation of the percentage of cross-modulation
according to formula (3) for high values of w, and w, (when the condition

of constant collision frequency is immaterial), is generally speaking
more accurate than for low freguencies. Finally, the condition that the
ratio of the indices of refraction be constant is unfulfilled only in the
case when the point of reflection of the waves El or E2 is contained

within the region of interaction; the question of the influences of per-
turbances in the vicinity of the point of reflection E2 is handled later
on in Section 2.



Here 1t is assumed that x5 and in a like manner L is defined by the
expression:

__2re?N vyt

%= S 92,24’
m oy wif-vgr?

where e and m are the charge and mass of the electron, N is the electron
density, ny is the coefficient of refraction of the wave El’ % is the
effective collision frequency of an electron in the unperturbed plasma
(Ref. 7, Section 61), while

= 3')
2v§ _((-)'f-l-\;(z))E"zl 2"3 T (

= ___mf+vg[] 4\'35’ ],‘_I_ vg—-w? Teff
is the quantity which gives the effective temperature, Teff,of'the elec-

trons in the plasma under the influence of an unmodulated interfering
wave El. In equation (3'), E is the field voltage amplitude of the per-

turbing wave for ;%==0;[m==p/3k77na(w?_Fy3ye is the characteristic elec-

tric field for the plasma (Refs. 19, 20), T is the temperature of the
plasma, and k is the Baltzmann constant. The quantity T, as is clear
from equation (3'), is a monotonically increasing function of E, con-
sequently on the boundary of the plasma where E = EO’ 7 1s maximum and

equals T(EO) = T3

creases to the value T = 1 (see Ref. 19).

in the interior of the plasma T monotonically de-

Equation (3) defines an interesting dependence of the percentage of
cross-modulation on the amplitude EO of the perturbing wave at the bound-

ary of the plasma, i.e., on the radiated power, P, of the interfering
station. A strictly linear growth of p' as a function of P occurs here
only in the case of a weak perturbing field. Actually, as is clear from
equation (3), in a strong field and for high frequencies of wq and

o, (0] H»vid; 0 >vitl), the percentage of cross-modulation does not exceed
the constant value '=pyn0}/n,0? , no matter what the power of the in-

terfering station. This is also apparent from the curves drawn in Fig-

ure la (the curves are constructed for various values of Kl’ where Kl =

%?j'yods is the total absorption of the perturbing wave in the region
as
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of interaction of the radic waves; the ratilo (EO/En) , proportional to
P, is plotted along the abscissa). In the case when it is not possible
to consider the frequency of the perturbing station as high (0}<vitl),

' increases with P at less than a linear rate. However, the nonlinear
dependence of u' and P appears particularly clearly when the frequency

of the wave E2 cannot be considered high: vigoi<visy . In this case, as
can be seen from Figure 1lb, p' can decrease as P increases and even reach
zero at w,=v01/;°_-:.. At this point the phase of the cross-modulation changes
by =.

In a weak field (E§<<Er21) formula (3) leads to the expression

e3 Eg( mg—vg)n, (1

’ avnl
Bo 1F—8Xp—
64T mB(m§+v;‘;)’n,

n U
IRE (4)

which agrees with that obtained earlier in Refs. 4, 5. The calculated
value of u', according to formula (4), is plotted with the broken line



in Figure 1. It can be seen in the graph that already at E, = En the

0
use of formula (%) leads to an increased value of p' (by 1.6-2 times),
while for EO = 3En it is 5-15 times as large. The dot and dash lines in

the same Figure plot the dependence of p' on (EO/En)2 which was obtained

in previous works (Refs. 2, 6). The latter did not take into account
the self-interaction of the perturbing wave and the necessity of inte-
grating over the whole region of interaction (see Introduction).l The

2 2
curves are constructed so that for a weak field (EO<€§En), the results

of calculating {' according to the formulas in Refs. 2, 6 and according
to formula (3) of the present work agree.2 In spite of this, however,
there is quite a large divergence between them for large field
strengths.

During experimental investigation of the dependence of u' on P,
the power of the perturbing station changed in Ref. 8 by up to 100 kw,
while in Refs. 5, 11 it reached as much as 520 kw (the distance from
the interfering station to the region of interaction is r = 190 km,

w = 1.05'106 sec-l, w, = )+.9-106 sec_l, and © = 2x-400 sec-l in Refs.
5, 8 and @ = 2x-60 sec-l in Ref. 11). A comparison of the results of
these experiments with the results of computation by formula (3) for
the same conditions is shown in Figure 2. It is apparent from the
diagram that the experiments described in Refs. 5, 8, 11 are not in con-
tradiction with theory. At the same time, the statement, made in Refs.
4, 5 on the basis of these experiments, that the effective electron

l1n constructing the curves in Figure 1 it is assumed that E = EO’ where
E and EO are respectively the amplitudes of the field voltage of the per-

turbing wave at the "average" point of the interaction region and on the
border of the plasma; for curves 2 (the same as in Ref. 6), E = EO exp

{-1}. PFrom Figure 1 it is apparent that the choice of E, which is arbi-
trary in the old theory, makes itself very strongly felt in the varia-
tion of the curve u'(P) in the case of a strong perturbing wave.

For this the indeterminate constant K2 = -;"2.5-.,43 , entering into the
3

formulas of Refs. 2, 6, is appropriately chosen.
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Figure 2. The dependence of u'/u' on P for the
max

conditions in Ref. 11 (curve 1) and in Refs. 5, 8
(curve 2); o, x are respectively the results of ex-
periments in Refs. 8, 11

temperature changes less than 10 percent under the influence of a 520
kw perturbing wave is unfounded, because in the case under examination,
evidently, it is not possible to determine the deviation of the func-
tion p'(P) from the linear, even if the effective temperature changes
by 50 percent (see Figure 2).1

lEvaluating En for these conditions we have: En ~ 27.5 mv-m'l, whereas

for P = 520 kw: EO = 36 cos B =~ 20 mv’m-l. Here consideration is taken

of the fact that because of the influence of the earth's magnetic field
for w1<§<»H the total vector of the electric field intensity does not

act in causing the perturbation in the plasma, but instead only in its
projection along the direction of the magnetic field E cos B; the aver-
age value of cos B is about 0.58. Hence, the perturbing wave at maximum-
radiated power P = 520 kw caused a change in the effective electron tem-
perature on the average of about 50 percent, i.e., it was not sufficient-
ly strong. This latter circumstance was due mostly to the fact that the
region of interaction was located at a substantial distance from the
interfering station (r 2190 km); if the interaction had taken place
directly above the perturbing station (r ~ 100 km), it would have been
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Formula (3) was obtained above under the condition that uo is small.

Analysis shows, however, that it can be used to calculate u' with good
accuracy (to 15 percent) for any value of ThY

It is also necessary to note that cross-modulation of radio waves
in plasma was examined only for low modulation frequencies Q & . In
order to solve the problem for an arbitrary value of @, it is first
necessary to find the nature of the perturbations caused by the inter-
fering wave to the effective electron temperature in the general case
(see Ref. 20), and then determine how the absorption of the wave E2

changes under the influence of these perturbations. The appropriate
operations lead to the simple result for the case of small p (u0<( 1/2),

and for high frequency of the perturbing wave Gvij;»vo):

__________; to o = Q/bv,T,,
p’ (2) = p'( )Vﬁ' T g 9" = 2/bvT, (5)

where p'(0) is given by expression (3). From equation (5) it is apparent
that the dependence of the percentage of cross-modulation and the phase
of cross-modulation on @, obtained in Ref. 1, preserves its general ap-
pearance in the case being examined; it is only necessary to exchange the
v of Ref. 1 (an "average" collision frequency in the region of interac-

tio fo .
ion) for "o

(footnote continued from previous page)

possible to expect a more substantial nonlinearity in the dependence of
u' on P (see Figure la). However, the nonlinearity appears most clearly
for low values of w2 (see Figure 1b). 1In order to observe most clearly

the nonlinearity, it is necessary to make observations for a sufficiently
large number of values of P, some measurements being made for small
values of P ~ 50-100 kw (in order to find the path of the straight line
showing linear dependence of W' on P). We also note that in Refs. 5, 8
the frequency of modulation was poorly chosen (for high modulation fre-
quencies the dependence of W' on P is more closely linear) (see equa-

tion (5)).
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2. Resonance of the Cross-Modulation near the Gyrofrequency

In examining the question of resonant increase of the percentage of
cross-modulation at frequencies wy of the perturbing wave which are very

close to the gyrofrequency Wgs it suffices to consider only the influ-

ence of an extraordinary perturbing wave,l insofar as an ordinary wave
causes only a negligible cross-modulation (v' <1 percent for P 500
kw), and besides, the perturbations caused by this wave in the plasma do

not possess resonant properties at wi~wox . Then the percentage of
cross-modulation as before is determined by formula (3), where it is

2
necessary to replace w

1 by 0l =(0; —wy)* and E, by B} = EO/\/?(see Refs.

lHere for simplicity it has been assumed that the interfering wave is
propagated longitudinally. We note in this connection that, as Zhelez-
nyakov has shown in Ref. 22, in the case of nonlongitudinal propagation
of the interfering wave the dependence of p on w can, generally speaking,
change in consequence of the influence of polarization corrections. Spe-
cifically, resonance effects no longer occur at the gyrofrequency (wres =

wH), but at another frequency, the magnitude of which changes from wH to
m”l’14:%vm§ depending on the direction of propagation of the wave (here
wy =2 V4xNedjm is the Langmuir frequency of the plasma). However, the exam-

ination being carried out in the present section shows that resonance of
the cross-modulation is accomplished only under the condition that the

interaction of the waves takes place at the beginning of the ionospheric
layer in the region where the Langmuir frequency is not large (wo§;2-106).

The role of the polarization correction under these conditions is negli-
gible: for example the shift of the resonance frequency is

Wy L ,
'—m—é—{;é‘éwlo . Due to this, the resonance effect and the shape
of the resonance curve in the first approximation do not depend on the

direction of propagation of the perturbing wave, hence it suffices to
limit ourselves to the simple case of longitudinal propagation.
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20, 21). However, as has been noted above, the conditions for applying
formula (3) are not fulfilled if the point of reflection of the wave E2

lies in the region of interaction. At the same time, in the experiments
(Refs. 15, 16) in which resonance was observed, the vicinity right at
the point of reflection of the wave E2 was subjected to perturbation;
this circumstance is emphasized in Ref. 16. Therefore, in examining the
topic of cross-modulation resonance near the gyrofrequency it is neces-
sary to make allowance for the influence of the interfering wave on the
point of reflection of the wave E2.

Assume for simplicity that the interfering wave is weak and that w2
(the frequency of the wave EE) is larger than the collision frequency,

vo, of an electron. In this case, the percentage of cross-modulation is

determined by the following expression (Ref. 7, Section 64):

f_ o -ﬂds=ﬂfx 33 (s) ds
2 ¢ sft’ Yo c % ’P°3mkra(m;'+v°’) ’ (6)

where Av is the amplitude of the periodic perturbations of the collision
frequency of an electron which are caused by the interfering wave, x5 is

the coefficient of absorption of the wave E,, w/=w,—oy, and E(s) is

the amplitude of the perturbing wave at point s; the integration is car-
ried out over the whole path of the wave E2 in the plasma S. We now

take into account the fact that for e3»v,3 the total absorption of
the wave E2 in the ionosphere (including the point of reflection) is al-

most always given by the formula:

2z,

K= 21 | s = ?—§ 2 gz [1+ 0 (o), (7)

W3 ¥y ¢

where Zg is the point of reflection of the wave E2, 02 and e2 are the
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conductivity and dielectric permittivity for this wave.l Then making a
trivial transformation in equation (7),

2n0y __2m3 + 2m3,(cos 93 — V'eg )
w3} e; ®3C089, 03¢5 ¢0s ¢,

(w2 is the angle of incidence of the wave Eg), substituting equation (7)

in the expression for p' and remembering that

it is easy to carry out the integration in equation (6) and obtain the
following expression for the percentage of cross-modulation:

lIn fact, taking advantage of the known exact solution for the linear
layer (see Ref. T, Section 66), it is easy to show that formula (7) is
correct for the linear layer:

K=—1Im (i.ﬂ.zo._(_lﬂ/l ) x
3 ¢ 14

2%y

%zo(a+_§p){x+0(s=.a'. aa>}=2—;”-§ 2}’;’ dz{1+0(v3/w'>}

Q

(0] [
0

(here a + B’z/z0 = bno/w). Joining now, as is common, the solution for
the linear part with the approximation of geometric optics for the re-
maining part of the layer and taking into account the fact that in the
region where geometric optics is applicable the coefficient of absorption
x equals 2msfe Ve with accuracy O0(yw*s?), we arrive at formula (7). We
note that Y =%(d/0s"),.,[4(d¢/d2);, and, consequently, formula (7) is in-

applicable only for (d(/dz)l-'ogo, i.e., for frequencies close to the

critical frequency of the layer.
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AF2
B =p {1 — exp [— 2KP) + £ (KY)] =

o ———
6kTm 3 w3 cosp.

=t |1 —exp{— 2K + [ (K))).

(8)

%
Here K'l’=3‘fxldz is the absorption of the disturbing wave up to the
¢
]

point of reflection of the wave Eg, and

%

" —Vea 81
F(K9) = 20 / u exp {— 2K ﬂ?ﬂ_:‘/_"_ dz. 8
C : €
If in equation (8') we set & =:,(0)=cos?’¢, , then f(Kg) = 0 and
formula (8) coincides with formula (3) (for n, = cos $, N, = 1), as it

must be.l Consequently, Au'==g; f(Kg) is the change in ', which arises
on account of the deviation of ee(z) from its value at the boundary of
the plasma (e2(0) = cos2 ¢2); the largest contribution to AW', naturally,

is given by the region surrounding the point of reflection of the wave
E,, at which €5 ~ 0, The form of the function f(Kg) is only slightly

dependent on the character of the change of the electron density N(z)
with the height z. This can be seen from Figure 3 which shows graphs of

lIt is necessary to note that generally speaking the factor 1/2 must ap-
pear in formula (8) on account of the fact that the effective power of
an extraordinary perturbing wave is only half as large as the power of

a plane polarized wave (Eé = EoﬂfE)- However, in formula (8) it is
assumed that the whole path of the wave in the plasma is subject to in-
terference, whereas above (in Section 1) the cross-modulation was exam-

ined only for one direction of the path of the wave E2 (for example, up

to the point of reflection); this is what leads to the inverse factor 2.




. 15

Figure 3

the function f(KS) for various types of dependence of Non z: N =
No(z/zo)n, where n = 1, 3,®. The broken line in the same figure plots
the curve 1 - exp {-EKE}; comparing it with the curve f(Kg), we see that
for small values of Kg a consideration of the correction Au' is quite
important, while for large Kg the correction is negligible, as it must
be; the maximum value of Au' is 1.5-2 times smaller than pl .

Now let us examine expression (8). First, it follows from it that
the percentage of cross-modulation depends only slightly on the fre-

quency of the interfering wave in the cases when the interfering wave
attenuates sufficiently in the region of interaction (i.e., for Kg;a 1):

e2Ez2
6ATm w3 cosp, (9)

pp, =p

From this it is clear that the percentage of cross-modulation at the
gyrofrequency (for W, ~ wH) does not necessarily exceed the percentage

of cross-modulation at some other frequency w, for which Kg;a 1. The

reason for this effect is that, although the extraordinary wave El for
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o,~wy does cause very strong perturbations in the plasma, it damps out
in a very thin layer. Conversely, if the frequency El is substantially
different from the gyrofrequency, then, although the perturbations it
causes are substantially weaker than for o,=~wy, the disturbed layer

is, correspondingly, substantially thicker. Therefore, the total per-
centage of cross-modulation does not depend on the frequency of the per-
turbing wave, if the wave E2 passes through the whole perturbed layer

(Kg;y 1); in this case "full", as it were, cross-modulation takes place.

This conclusion (as was also made in Ref. 5) is in agreement with
the results of experiments carried out in Fngland (Refs. 5, 8, 11). In

these experiments, the cross-modulation for o, =~wy, P~ 100 kv, w, =

2
4.9'106 sec'l was not stronger than that usually observed for w, = 106

1
-1 6 -1 .
sec™, w, = 4.9:10° sec ~ and P ~ 100 kw (see Introduction).

However, from formula (8) it also follows that when the frequency
w, decreases, the maximum value of the percentage of cross-modulation

increases proportionally to lﬁngzl

F'max _cﬁ?_:_ ~ (I.G‘—'l) e (E?)/P)

(R _s (1082 ,
bo P 6kTmd v} ~(@8 5)]0'( ) (9')

(l),

This relationship, as can be seen in Figure L4, is supported by the data
of all experiments on cross-modulation at the gyrofrequency.

lHere it is important that in the derivation of formula (8) the influ-
ence of the earth's magnetic field on the wave E2 is neglected, which

is Jjustified only for an ordinary wave undergoing transverse propagation.
In equation (9') it is assumed that the distance from the interfering
statlon to the region of interaction is equal to 100 km; moreover, the
fact that the perturbing wave does not always propagate longitudinally

is taken into account (this leads on the average to a decrease of the ef-
fective power by 1.5 times).
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Experimental results

’ 7] W)
» w' cos 5
Figure 4., F = —=2% ——Ejg 105 as a function of (106ﬂu2)

Ho

In analyzing the variation of the dependence of ' on wy fo; low
values of w,, we become convinced that, in that case when @y is close to
wg, & well defined resonant increase in the percentage of cross-modula-
tion takes place. The reason for the resonance is that the wave E2 for
low frequencies of w, (or for a large angle of incidence ¢é) propagates
only within a very thin layer of plasma, due to which "full" cross-
modulation (Kg;a 1) takes place only when Wy is close to wpe The varia-
tion in W' as a function of wl, for w,~wy and for low frequencies of
the wave E2 is plotted in Figure 5a (solid curves). It is apparent from
the diagram that the resonance curve has either one hump or two humps;
two humps are clearly evident in the cases when Kg(wH)I> 1. The broken
line in the same figure shows the curve constructed without taking into
account the influence of the perturbing wave on the point of reflection
of the wave E2; from the figure it is evident that taking Au' into ac-
count substantially influences the shape of the resonance curve. The

shape of the resonance curves drawn in Figure 5a agrees very well with
experiment,
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4
4;.’ b

Figure 5

Figure 5b shows the known curves (Ref. 2) which depict NO‘%K as a

0
function of ;l. They are constructed for the very same cases as the
curves in Figgre 5a. Comparing both figures, we become convinced that
the variation of p' and NO %ﬂ as functions of the frequency @ differs
substantially.l °

3. The Phase of Cross-Modulation

In Ref. 3 it is shown that the result of calculating the cross-
modulation with the help of kinetic theory, taking into account the
electron velocity distribution in the plasma, agrees with an accuracy
of not less than 10-15 percent with the result of the usually accepted
"elementary" theory (Ref. 1). However, an expression for the electron
velocity distribution, and consequently also for the percentage of
cross-modulation, was found only for the extreme instances of high

(8> ¥) or low (Q«dv) modulation frequencies. Specifically, this made

it impossible to determine the phase, ¢', of the cross-modulation as a
function of the modulation frequency. At the same time, measurements

1In.Ref. 2, it was assumed that the depth of the cross-modulation is

proportional to NO %1, where NO is the electron density at the point of
0

reflection of the wave E2.
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of ¢' as a function of © in cross-modulation are the most accurate (Refs.
8, 10) and, therefore, it is important to know to what result kinetic
theory leads in this case (elementary theory leads, as is well-known, to

the simple relation tg ¢

elem Q/ %).

The result of the appropriate calculation is developed in the pre-
sent section. For simplicity, the interfering wave is assumed to be
weak. The following approximations for the distribution function are
found by the usual method in the power series expansion of Bvo/2 (for
2»8) and of Ldv, (for QL dv). These have the following appearance
(0} > W) :

fo=JSoo+ 32zo;m§02 foo[(u --i-)coth-l-

s v (s e o ()]

if @&3v, and

[ 2 H
£o=for ‘g_;;‘;%g; o [[(w — 8) + 2% (320)*(— 120045501

an] s -+ [ 5F 36— toe 00 - 22 (' (5 -

905 375 davd
—_—us — 4 ] __0
s +2 u' — 30u )Jcoth-{—O(Q‘)},
if  Q»dv,. Here u=vV2%T|m , and foo(v) is the Maxwell distribution
function for the electron velocities.

Calculating the phase of the cross-modulation, we find that for

2 Kby,

while for @7» 8, :




wn =i B o )

The expressions obtained make it possible to determine (approximate-
ly) tg.ﬁ;/tg ¢'l as a function of ¢fdv,. This is shown in Figure 6
elem

As can be seen from the figure, the deviation from the result of elemen-
tary theory is rather great; apparently, it can be experimentally
checked. The appropriate measurements would permit one to establish

the character of the electron velocities distribution in the ionosphere
(in the present computation, it has been assumed to be Maxwellian).

yHPelen
Q2

/ A
[ 2 4 ']

Figure 6
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